The objective of the study is to assess the accuracy of kinetic schemes in resolving the internal structure of the shock waves. Two kinetic schemes were used, a gas kinetic BGK scheme and the direct integration of the Boltzmann equation. The argon hard sphere collision model was considered for freestream Mach numbers ranging from 1.2 to 10. The results from the calculations of the direct integration of Boltzmann equations of Ohwada were used as benchmark for Mach 1.2, 2, and 3 shock waves. The results from the direct integration solvers matched reasonably well. Agreement from gas kinetic BGK scheme at the low Mach number was good, but at higher Mach number the starting jump location was missed. A study of the velocity grid requirements for a numerical solution of the Boltzmann equation was conducted by the method developed by Tcheremissine.
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The requirements are modest but are most stringent at the shock front location. Both the solution of the kinetic equation and the numerical evaluation of the macroscopic parameters determine the grid requirement. Knudsen number M Mach number N 0 equidistant velocity nodes N particle number density p macroscopic pressure P 11 xx-component of viscous stress q heat flux vector Q 1 streamwise component of heat flux R gas constant T macroscopic temperature u,v,w macroscopic velocities in x, y, z directions v 0 velocity bin size V volume in velocity space ξ 1 ,ξ 2 ,ξ 3 components of particle velocity u velocity vector λ mean free path γ ratio of specific heats, velocity node
Introduction
The kinetic description of nonequilibrium for high speed flows in upper atmosphere involves treatment of translational nonequilibrium coupled to internal degrees of excitation of the gas. In the rarefied regime, the DSMC is often used in the prediction of the aerodynamic quantities. In the transition to rarefied regime, the high cost of DSMC has led investigators to develop gas kinetic schemes, in which thermal equilibrium is assumed to be established relatively fast for the translational degree of freedom compared to internal degrees of freedom. Exchange of momentum and kinetic energy among particles can result in establishing the equilibrium Maxwellian distribution. The relaxation time for establishing a Maxwellian distribution in components of air is of the order of the average time between gas kinetic collisions.
τ trans ≈ τ gas = λ v = 1 N vσ gas (1) Here λ is the gas kinetic mean free path, v is the average particle velocity, N is the particle number density, and σ gas is the gas kinetic collision cross section. In air at standard conditions, λ ≈ 6×10 −6 cm and τ trans ≈ 10 −10 sec. Usually the gas kinetic times are small in comparison with the flow times over which appreciable changes in the macroscopic parameters of the gas, density or energy, take place. When these conditions are satisfied it is possible to assign at every instant of time a "translational" temperature, which characterizes the average kinetic energy of translational motion of the particles. However, when the velocity distribution function of the particles is anisotropic, as is the case in low density, hypersonic nonequilibrium flows, multiple translational temperatures, one in the direction of flow and the other in the direction perpendicular to the flow, need to be delineated.
The last decade has seen a resurgence of direct methods in the numerical solution of the Boltzmann equation, the integro-differential equation describing the rate of change of the distribution function with respect to position and time. [2] [3] [4] [5] A gas kinetic, multi-temperature model for a monatomic gas was developed using equations derived from the Boltzmann equation with a first order Chapman-Enskog expansion of an anisotropic velocity distribution function. 6, 7 The model, extended to rotational nonequilibrium, was employed for computing highly nonequilibrium shock structures and compared with DSMC solutions and experimental data. The equations with generalization of the dissipative coefficients based on the closed form solution of the Bhatnagar-Gross-Krook (BGK) model of the Boltzmann equation were solved using the gas kinetic numerical scheme. Calculations of shock structure were presented for monatomic and diatomic gases in the Mach number range of 1.2 to 12.9. 8, 9 Gas kinetic schemes are computationally very efficient compared to direct Boltzmann equation methods and DSMC in the transition regime. However, a proper understanding of the evolution of the distribution function in aerodynamic flows of interest will allow realistic nonequilibrium models to be developed for the gas kinetic schemes. This is the objective of the present study. In the present study, the Boltzmann solver of Tcheremissine 1 was used for conducting different studies in the shock waves and the results from the work of Ohwada 10 are as benchmark for comparison. The present study simulates nonequilibrium relaxation in high speed flows to characterize the internal structure of the shock wave considering multi-translational temperatures in monatomic gas flow. The direct numerical integration of the Boltzmann equation for a monatomic gas was performed and shock structures from Mach 1.2 to 10 were simulated and compared with independent solutions for the hard sphere collision model. The effect of different velocity grids on the solution accuracy was studied for the direct integration of the Boltzmann equation. From the evolution of the distribution function, a simple analytic function was proposed for possible use in gas kinetic schemes for computing hypersonic flows. A validation study of the gas kinetic BGK scheme was performed to assess accuracy issues in hypersonic flows.
Analysis Direct Integration of Boltzmann equation
The Boltzmann equation expresses the behavior of many-particle kinetic system in terms of the evolution equation for the single particle gas distribution function. The Boltzmann equation is written as
where f , the distribution function, gives the number density at position x and velocity ξ at time t. The left hand side of the above equation represents the free streaming of molecules in space, and the right side denotes the collision term. If the distribution function f is known, macroscopic variables of the mass, momentum, energy and stress can be obtained by integration. Equation 2 is solved on a grid x i in physical space and on a uniform grid consisting of N 0 equidistant velocity nodes ξ γ with a mesh size h introduced in a domain Ω of volume V.
In the basis of three-dimensional delta functions, the distribution function and the collision integral can be represented in the form
After determining the expansion coefficients for the collision integral in the Eqns 3, the problem is reduced to solving the system of equations
by the finite difference method. In the integration of expansion of Eqn. 3 for the distribution function with weights Ψ = (m, mξ, mξ 2 /2), the macroscopic quantities, the density ρ, the velocity u, the pressure tensor P and the heat flux vector q are determined as the sums:
where
The evaluation of the collision integral is according to the conservative projection method proposed by Tcheremissine. 1 
Gas Kinetic BGK Scheme
The Boltzmann equation with the simplified collision model of Bhatnagar Gross Krook (BGK) is formulated as
In the BGK model, the collision operator involves a simple relaxation to a local equilibrium distribution function f eq with a characteristic time scale τ . The BGK model was proposed to describe the essential physics of molecular interactions, with τ chosen as the molecular collision time. Based on the above BGK model, the Navier-Stokes equations can be obtained with the Chapman-Enskog expansion truncated to the 1st-order,
where, f eq denotes the contribution of the equilibrium part and Knf 1 the nonequilibrium component. With the modification of the particle collision time, the validity of the kinetic model is extended beyond that of the NavierStokes equations. An earlier attempt based on this model was successful for shock structure calculations of the monatomic gas with a single translational temperature.
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In the following section, the modification to Eq. 6 to formulate a multiple translational temperature model is presented.
Multi-translational temperature modeling
Assuming an anisotropic distribution for a gas with different translational temperatures in the x, y, and z directions, the equations governing the one-dimensional flow assuming equilibrium in a given direction can be written as:
where ρ is the mass density, u is the macroscopic velocity in the x-direction, and (ξ 1 , ξ 2 , ξ 3 ) the components of the particle velocity in the x, y and z directions, respectively. The parameter λ is related to the gas temperature, given by λ x = M/2kT x , λ y = M/2kT y and λ z = M/2kT z . For the multi-translational temperature formulation of a one dimensional flow considered in the present study, we can assume that T y = T z , such that, λ y = λ z . The establishment of the above ellipsoidal Maxwellian distribution is assumed to be a consequence of particle collisions. Over a long period of time, the above state g will further approach an overall equilibrium state given byḡ,
If the mass, momentum and energy is conserved during the particle collision process, the relationship between an averaged equilibrium temperature T eq ( λ eq = M/2kT eq ) and the individual temperatures T x , T y , and T z is given by,
where the assumption T y = T z was invoked for the one-dimensional flow. The above process from g toḡ can be described by the gas kinetic model
which is similar to the BGK model. 12 From the above kinetic equation, besides the Navier-Stokes equations for the mass, momentum and total energy, additional thermal energy equations for the particle random motion in the y and z directions are obtained. For the 1D case, the thermal energy equation becomes
where R is the gas constant and τ is the particle collision time. The two temperature, continuum Navier-Stokes formulation is given by Eq. 11. The solutions of the shock structure based on the gas kinetic scheme 13 has similar behavior as the results of multi-temperature Navier-Stokes results in Ref. 14. The solutions in Ref. 14 are thinner with a non-physical, sharp jump in the calculated density profile inside the shock layer and are inconsistent with the DSMC solutions; the discrepancy more pronounced for the high Mach number cases. The model given by Eq. 11 was derived from Boltzmann equation, but the model to derive the macroscopic multiple temperature hydrodynamical model in Ref. 14 is inadequate, requiring further improvement. It is noted that most multi-temperature kinetic models in the literature are based on the same assumption of an ellipsoidal Maxwellian distribution.
In order to improve the previously mentioned kinetic model for the translational nonequilibrium and overcome the anomalous behavior of the shock wave solutions, 14 we reconstructed the particle collision process. Starting from the gas distribution function f for a monatomic gas, the particle collisions drive f to g andḡ, instead of from g tō g alone. During the course of particle collisions, it is difficult to distinguish the process from f to g or from f tō g. The particle collision time for translational nonequilibrium, however, can be assumed to be the same. Note, this should not be confused with the nonequilibrium internal energy distribution in a diatomic gas, where the collision time for the rotational relaxation may be much larger than the translational non-equilibrium relaxation. Therefore, for the monatomic gas we construct a generalized BGK model for the translational non-equilibrium,
where f is the real gas distribution function, and Q is the source term, which contributes s in Eqn. 14. Here g is the ellipsoidal Maxwellian with three temperatures andḡ is the single temperature Maxwellian. The real gas distribution function, f will approach these two states. The ellipsoidal Maxwellian g which represents non-equilibrium distribution will eventually approach a single temperature Maxwellian distribution. Note that the particle collision time τ is related to the local dynamical viscosity µ and pressure p, i.e., τ = µ/p. The relation between mass ρ, momentum ρu, total energy ρE, and the thermal energy ρE y−z in the y and z directions are
where ψ has the components
Since mass, momentum and total energy are conserved during particle collisions, f and g satisfy the condition
The source term s can be still be modeled as s = ρR(T x − T y )/3τ . For any kinetic model of multiple translational temperature non-equilibrium, the averaged temperature
In the 1D case this averaged temperature should be the same temperature as the one-temperature gas kinetic model. If we take moments (ξ 1 − u) 2 , ξ 2 2 and ξ 3 2 on the model given by Eq. 13, we can obtain the temperature evolution equations for individual directions. By adding them together and using the condition 3T = T x + T y + T z , a single equation for the averaged temperature T can be obtained,
which is the same temperature evolution equation from a single temperature BGK model, i.e.
So, the averaged temperature from the two-temperature kinetic model, Eq. 13, is the same as that from a single temperature model. We can say that the model given by Eq. 13 is a valid extension to recover the multiple temperature non-equilibrium from the original BGK model. In order to test the above model (Eq. 13), the numerical method developed in Ref. 13 was used to solve Eq. 13. For a finite volume method,
where W n j is the cell averaged mass, momentum, total energy, and the thermal energy in y and z directions, and F j+1/2 is the corresponding fluxes at a cell interface by solving Eq. 13. Note that ∆t is the time step ∆t = t n+1 − t n , and S n j is the source term for the thermal energy. The evaluation of the fluxes is based on the distribution function f at a cell interface. For the shock structure calculation, due to the smoothness inside the shock layer, the gas distribution function at a cell interface is constructed using the Chapman-Enskog expansion and has the form
where the g x andḡ x can be obtained from the gradients of macroscopic variables, and g t andḡ t can be evaluated from the compatibility conditions
For more details, see Ref. 13 . Even with the ability to recover two translational temperatures, the non-equilibrium distribution (Eq. 16) is truncated to the Navier-Stokes order and it will not be accurate in the description of rarefied flow. The anomalous density jump given by the model of Eq. 11(found in Ref. 14) does not appear in the solutions given by the present formulation. However, the shock thickness is still thinner in comparison with experimental measurements and the DSMC solutions. Theoretically, it seems that we should continue this expansion in Eq. 16 to go to Burnett and Super-Burnett orders. Unfortunately, the success from the higher order expansion is limited, and there is no evidence that the successive expansions converge. Additionally, we can replace the collision time τ in Eq.(16) with a generalized one, τ * , and assume that there is a closed form solution of the BGK model. We can obtain a relation between τ * and τ . In the current study, the new collision model (Eq. 13) is used with BGK-Xu method 11 to establish a generalized particle collision time τ * ,
Here τ depends on the macroscopic variables through the relation τ p = µ ∞ (T /T ∞ ) ω , and the generalized τ * will depend not only on the macroscopic variables, but also on their gradients. Therefore, the evaluation of τ * represents a set of generalized constitutive relations for the calculation of the translational non-equilibrium flow. In order to simulate the flow with a realistic Prandtl number, a modification of the heat flux in the energy transport at a cell interface, as used in Ref. 13 , is implemented in the current study. 
Initial and Boundary Conditions

Mach No
Mach No The boundary conditions at upstream and downstream for the shifted Maxwellians in the direct integration of the Boltzmann equation consists of the following.
where (Table 1) are given by the Rankine-Hugoniot relations:
Scope of numerical simulation
In the present study, the Boltzmann solver 1 was validated with results from Ohwada. 10 Further, the results from the gas kinetic scheme were compared with the benchmark solutions from the Boltzmann equations. The solutions from the Boltzmann equations were obtained for Mach 1.2, 2, 3, 5, and 10 shock waves. Comparisons of the solutions were made for distribution functions and the macroscopic variables with those from Ohwada 10 at Mach 1.2, 2, and 3. The gas kinetic scheme was used to obtain solutions of the internal structure of the shock waves at Mach 1.2, 3, and 5. The macroscopic parameters from these solutions were compared with those from the Boltzmann equations. Table 2 summarizes the different cases considered in this study with details of the spatial grid size, time step size, and wall clock time.
A velocity grid resolution study was performed for the Mach 1.2, 5, and 10 shock waves for various grids, the details are shown in Table 3 . 
Numerical scheme
The system of equations given by Eqn 4 is solved for the N 0 velocity nodes by the conservative splitting method proposed by Tcheremissine. 1 The time step size, δt = t j+1 − t j . The two-step finite difference scheme for the free transport and the collisions consists of:
Eqn. 23 is approximated by the second-order accurate explicit conservative scheme given in Ref. 15 with the time step governed by the following
The time step in Eqn. 24 is governed by the collision frequency which can be the more restrictive of the two. The time step sizes for various Mach numbers in the numerical integration of the equations are given in Table 2 . When the velocity grid is modified, the time step may also require adjustment. Maintaining a fixed value of ratio=(number of integration nodes) /(number of velocity nodes) x (time step size) guides the necessary modification.
Results and Discussions
Results are presented in three sections for solutions of the internal structure of shock waves of a monatomic gas with the hard sphere collision model. The first section presents validation of a Boltzmann solver 1 with a reference Boltzmann solver 10 for Mach numbers of 1.2, 2, and 3. The second section presents effects of velocity grid resolution on the solutions from the Boltzmann solver 1 for Mach 1.2, 5, and 10. The third section addresses accuracy issues of a recently developed multi-temperature model in a gas kinetic scheme 8, 9 for Mach 1.2, 3, and 5. For the results shown in the subsequent sections, the distance along the shock wave is normalized by the upstream mean free path. The macroscopic parameters consist of normalized streamwise velocity, density, temperature, streamwise and normal components of temperature, the xx-component of viscous stress, and the streamwise component of heat transfer. Two forms of the distribution function were used as deemed appropriate: Distribution function, f =f (x, ξ 1 , ξ 2 ), and the probability distribution function, P = f (x, ξ 1 , ξ 2 )/ρ. The distribution function, f was normalized by it highest value in some cases for proper graphical representation.
Validation of Boltzmann solver
The process of validation of the present Boltzmann solver consisted of comparing the distribution function and macroscopic parameters with those of the Ohwada 10 solution. Figs. 1 and 2 show comparisons of macroscopic parameters of a Mach 1.2 shock wave in a monatomic gas with the hard sphere collision model. The relatively small jumps of the macroscopic parameters across the shock wave are noted for this Mach number, (see Table 1 ). However, the thickness of the shock wave extends across nearly sixty mean free paths. Consequently, one notes the longer total wall clock time for the relatively larger time steps in the free transport and collisions parts of the Boltzmann solver (Table 2) . There is excellent agreement of the present solutions for both Mach 1.2 and 2 with the reference solutions of density, temperature, the xx-component of viscous stress (P 11 ). However, the present computation overpredicts the streamwise peak heat transfer (-Q 1 ) from Ohwada's for the Mach 1.2 shock wave by about 6%. Fig. 3 shows a qualitative comparison of the distribution function, f (x, ξ 1 , ξ 2 ) of the current Boltzmann solution with Ohwada's for a Mach 3 shock wave. It is noted that spatial coincidence of distributions was optimized. The Mach 3 shock thickness is approximately fifteen mean free paths. The asymptotic form of the distribution function is a shifted Maxwellian prescribed by the Rankine-Hugoniot conditions ( Table 1 ). The Mach number reduces from the upstream to downstream across the shock by a factor of 5.74. One can see from the figure that there are relatively small deviations from the asymptotic distribution in the upstream and downstream locations Fig.3a and d . For the locations inside the shock front, Fig.3b and c, reduction of the mean velocity and the shock heating lead to non-Maxwellian distributions. There is good qualitative agreement of the present Boltzmann solution with reference at all four x locations. Fig. 4 shows the magnitude of f(x,ξ 1 ,ξ 2 ) at x/λ = −0.6 for four ξ 2 − velocities. This x−location is slightly upstream of the center of the shock wave, the distribution is non-Maxwellian due to heating. There is good agreement of the present computation with Ohwada's. Consequently, the macroscopic parameters of the Mach 3 shock wave (Fig. 5 ) also show agreement. Fig. 5 shows comparisons of velocity, density, temperature, xx-component of viscous stress, and the streamwise component of the heat flux. Comparison of the Mach 3 shock wave solution with that of the Mach 1.2, shows that shock thickness reduces by about 50%, the viscous stress increases by a factor of 60 and the heat flux increases by a factor of 160. The total wall clock time of the Mach 3 shock wave decreases by about 50% to that of the Mach 1.2 shock wave ( Table 2) .
Distribution functions inside the shock wave
Prior to the discussion of the effects of the velocity grids, the distribution functions normalized by their respective peak values at four x−locations are presented for Mach 1. 
Effect of velocity grid resolution on Boltzmann solver
A velocity grid resolution study was conducted with five different velocity grids at Mach numbers of 1.2, 5, and 10. See Table 3 for details. The velocity grid with a size of 30x15x15, for Mach 1.2 as an example, has 30 nodes in the streamwise direction, and 15 nodes in the two normal directions, with a total of 6750 nodes. In the results to follow, the smallest velocity grid on which the macroscopic parameters converged is labeled the fine grid and the grid with total number of nodes smaller than this is considered the coarse grid. It is noted that to assess the effect of the velocity grid size on the numerical solution, one would not only consider the evaluation of the distribution function on the given velocity nodes, but also the resolution of the velocity nodes in representing the distribution function, which in turn determines the predictive accuracy of the macroscopic parameters. Table 3 gives details of velocity grid resolution, such as the grid, number of points in the upstream distribution, and radius of the velocity sphere.
Mach 1.2
Fig . 9a and b show the density and heat flux profiles in the Mach 1.2 shock wave for five different velocity grids considered in the study. One may note from the Table 3 that the velocity bin size is given by the radius of the velocity sphere and the number of grid points. The variation of density for different grids is not significant. The heat flux which represents higher moments of the distribution function shows more significant deviations with changes in velocity grid sizes. The velocity grids of 30x15x15, 24x12x12, 20x10x10, and 18x9x9 result in minor deviations from the fine grid result whereas, the lowest grid density of 16x8x8 shows significant departure in the peak value and at the far upstream and downstream locations. The reasons for the failure of the coarse velocity grids is discussed further. Fig. 10 shows the variation of the streamwise component of the temperature in the Mach 1.2 shock wave. For both the velocity grids depicted (30x15x15 and 16x8x8), the variation in streamwise temperature is insignificant at this Mach number. Fig. 11 shows the probability distribution functions at three different locations in the Mach 1.2 shock wave. One may note the significant alteration of the magnitude and shape of the distribution function due to the coarse grid. The lack of grid resolution in the coarse grids to properly represent the shape of the distribution function is attributed to the large deviation in heat flux shown earlier in Fig. 9b .
Mach 5 and 10
Fig . 12 shows profiles of macroscopic parameters in the Mach 5 shock wave. With the increase in Mach number, there is a greater effect of coarse grid on the lower as well as higher moments of the distribution function, shown in the figure of density and heat flux, respectively. The coarse grid underpredicts the density in the upstream and downstream locations. It is noted that the Rankine-Hugoniot conditions (Table 1) are properly enforced for all the grids with the density profiles shown in Fig. 12a . The effect of the coarse grid on the heat flux is to shift the peak location slightly upstream and a lower heat flux in the upstream region. Fig. 13 shows the streamwise temperature profile in the Mach 5 shock wave for two different velocity grids. The coarse grid has the effect of underpredicting the heat flux in the upstream and overpredicting at the downstream locations. This under-and over-predictions are a consequence of the differences in shapes and magnitudes of the probability distribution functions for the coarse and fine grids shown in Fig. 14 . It is seen that the relative magnitudes of the peaks due to coarse and fine grids are significantly different in the shock wave ( Fig. 14a and b ) and close to each other far downstream (Fig. 14c) .
The results for the effect of velocity grid resolution on macroscopic parameters and the distribution function for the Mach 10 shock wave are qualitatively the same as Mach 5, shown in Figs. 15 to 17. However, the coarse grids have a greater effect on the accuracy of the Mach 10 solution than the Mach 5. One notes that, as before, the RankineHugoniot conditions (Table 1) are properly enforced for all the grids with the density profiles shown in Fig. 15a .
It is important to note that the velocity grid considered above was based on convergence of the macroscopic flow variables. The accurate representation of the distribution function, however, will require still finer velocity grids, as shown in the next figure. Fig. 18 presents the probability distribution function for two different velocity grids for a Mach 5 shock wave. The two velocity grids considered are 30x15x15 (coarse) and 60x30x30 (fine). The grid size of 30x15x15 was found to be adequate for the accurate prediction of macroscopic quantities, but as seen from the figure, the 60x30x30 velocity grid has an enhanced resolution of the distribution function.
In conclusion, one notes that with increase in Mach number there is a greater need for grid resolution, particularly in the upstream peak of the velocity distribution function. However, at the lower Mach number, the velocity grid requirements depend on the ratio of the spread of the velocity distribution functions at the upstream and downstream locations. See Table 3 . Velocity grid resolution affects the prediction of the macroscopic parameters as follows, (1) the effect on the evaluation of the distribution function on a given node, (2) the effect on the evaluation of the moments of the distribution function. Delineating the relative effects of the two provides useful criteria for optimizing the size of the velocity grids in Boltzmann solvers, which is a subject of future research.
The effect of variation of Prandtl number on the gas kinetic BGK scheme is shown in Fig. 22 . It is noted that as the Prandtl number is reduced, the shock front migrates upstream, more apparent in the temperature profiles. Fig. 23 shows the density, mean temperature, and the streamwise and normal temperatures for the present gas kinetic scheme and the Boltzmann solution for the Mach 5 shock wave. From the comparison of the density profiles, Fig. 23a , one notes the excellent match of the density profiles for the Mach 5 shock wave. However one notes from Fig. 23b and c that the starting location of the prediction of the temperatures by the gas kinetic scheme is more upstream than that of the Boltzmann solution. The discrepancy between the two kinetic schemes is a subject of further investigation.
CONCLUDING REMARKS
A numerical study was performed for the solution of the internal structure of shock waves in monatomic gas using two different kinetic methods, assuming the hard sphere collision model. A velocity grid resolution study of a Boltzmann solver was conducted for Mach numbers of 1.2, 5, and 10. Macroscopic parameters and the distribution function predicted in the present study for Mach 1.2 to 3 shock waves agree well with those of Ohwada's. Velocity grid requirements for the accurate prediction of the macroscopic parameters from the solution of the Boltzmann equation are reported in the present study. From the solution of the Boltzmann equation, an analytic function was developed that can be used in computationally efficient kinetic methods, such as the gas kinetic schemes to represent realistic physics.
Detailed numerical simulations were performed with a gas kinetic BGK scheme and a direct integration method of Boltzmann equation to analyze the translational nonequilibrium phenomena that arise in hypersonic aerodynamic flows. A multi-translational temperature gas kinetic model based on anisotropy of the velocity distribution function for monatomic gas shock structures was compared with direct integration of Boltzmann equation solutions. The agreement of the gas kinetic BGK method was excellent at low Mach numbers and there was improper prediction of upstream location at the Mach number of five, a subject of future investigation. In the nonequilibrium regions where the assumptions are valid, the gas kinetic BGK scheme provides very high level of computational efficiency suitable for hypersonic flow calculations. 
